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The AASHTO Guide Specifications for Seismic Bridge Design includes provisions for the design of ductile
diaphragms as Permissible Earthquake-Resisting Elements (EREs) to resist seismic loads applied in the
transverse direction of bridges. However, two major limitations for this system are that: (1) other
lateral-load resisting strategies have to be combined with the transverse ductile diaphragms to address
seismic excitations acting along the bridge’s longitudinal axis; (2) the existing AASHTO provisions
(reflecting the limits of existing research) only apply to straight bridges and provide no guidance on
how to implement ductile diaphragms in skew bridges. This paper investigates ductile end diaphragm
systems (EDSs) inserted in the slab-on-girder bridge superstructure, with Buckling Restrained Braces
(BRBs) arrayed in two different bidirectional configurations so as to provide bi-directional resistance.
Benchmark skew and straight bridge models were designed with both EDSs and analyzed using nonlinear
time history analysis method to examine their seismic performance. Variations in skew, fundamental
period of vibration, and earthquake excitation characteristics were considered. These dynamic analyses
allowed investigating the impact of these parameters on global behavior, as well as understanding the
magnitude of local demands and the extent of bidirectional displacements that the BRBs must be able
to accommodate while delivering their ductile response. The long-term service life of BRBs installed
across expansion joints and subjected to bridge thermal expansion histories was also studied and a min-
imum ratio of the BRB core length over the whole bridge length was recommended. For BRBs’ design and
implementation in EDSs, these analytical results can help predict a regime of relative end-displacements
representative of the BRB’s demands, when the bridge is subjected to both earthquake and temperature
change in the superstructure.

� 2017 Elsevier Ltd. All rights reserved.
1. Introduction

Ductile diaphragms developed to reduce the seismic vulnerabil-
ity of steel bridges have been analytically and experimentally stud-
ied in the past. To investigate the behavior of steel bridges during
earthquakes, Zahrai and Bruneau [1] investigated the role of the
diaphragms on the seismic behavior of slab-on-girder bridges hav-
ing different length by comparing the behavior of bridges with and
without diaphragms through pushover analysis. In Zahrai and Bru-
neau [2], ductile end diaphragms to be installed in the steel super-
structure of slab-on-girder steel bridges was proposed as a seismic
retrofit strategy. A design procedure for ductile end diaphragms
was proposed using either shear links, Triangular-plate Added
Damping and Stiffness Devices (TADAS), or Eccentric Braced Frame
(EBF) placed in an inverted Y-bracing configuration in the ductile
diaphragm. Zahrai and Bruneau [3] presented experimental results
on full-scale ductile diaphragm specimens having three proposed
configurations and subjected to conventional reversed cyclic
inelastic loading as well as pseudo-dynamic testing. For deck-
truss bridges, Sarraf and Bruneau [4] proposed a ductile seismic
retrofit solution to improve its seismic vulnerability by introducing
special ductile diaphragms to replace the end cross-frames and the
lateral braces panels adjacent to the support. Computer simulation
of the retrofitted deck-truss bridge model subjected to severe
ground motions proved that the proposed end ductile diaphragm
significantly enhanced the seismic performance of deck-truss
bridges. In Sarraf and Bruneau [5], a performance based design
procedure of the ductile diaphragm in deck-truss bridges was
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proposed using shear links, TADAS, and EBF. Bruneau et al. [6] pre-
sented a step-by-step design procedure for specially detailed duc-
tile diaphragms in slab-on-girder bridges and deck-truss bridges,
based on the analytical and experimental work originally devel-
oped for retrofitted bridges in Zahrai and Bruneau [1–3], and Sarraf
and Bruneau [4–5]. Design equations were provided for the
systems with shear links, EBF and TADAS devices. Carden et al.
[7–8] evaluated the performance of ductile end cross frames using
single angle X and BRBs in a straight single-span two-girder bridge
model with a scale factor of 0.4 from a bridge prototype. Both
bridge models were tested using two actuators acting at the deck
level of the bridge model by conducting reversed static load in
its transverse direction and using shake table testing for increasing
amplitudes of the 1940 El Centro earthquake ground motion
applied in the transverse direction. Bridge models with both types
of end diaphragms showed satisfactory ductile seismic response.

The AASHTO Guide Specifications for LRFD Seismic Bridge
Design [9] includes provisions for steel bridges designed with spe-
cially detailed ductile diaphragms to resist seismic loads applied in
the bridge transverse direction. Implementations of the ductile dia-
phragm concept still remain limited, because ductile diaphragms
covered by AASHTO [9] can only be implemented in bridges with-
out skew, and only provide resistance to earthquake excitations
acting in the direction transverse to the bridge axis. The issues of
skew and bi-directionality are serious limitations and real imped-
iments to the implementation of ductile diaphragms, which is
unfortunate because ductile diaphragms are a low-cost seismic
solution compared to other alternatives. Celik and Bruneau [10]
introduced the Bidirectional End Diaphragm System (EDS) inserted
in straight or skew slab-on-girder bridge superstructures, to resist
bidirectional earthquake excitations. Two schemes of bidirectional
EDSs (i.e. geometrical layouts) were proposed as shown in Fig. 1,
and BRBs were arrayed to provide ductile response to all horizontal
seismic forces. Closed-form expressions were derived for both
schemes to express stiffness, yield strength, yield displacement,
and hysteretic energy dissipation as a function of a given ductility
level. The effect of changing certain parameters in the closed-form
hysteretic model was studied based on static pushover analyses.
However, the adequacy of using bidirectional EDSs to improve
bridge seismic performance when subjected to earthquake excita-
tions was not investigated; this is needed to validate the bidirec-
tional diaphragm concept for practical implementations.

This paper investigates a proposed design procedure for bidirec-
tional EDSs to be able to explicitly address the fact that earthquake
simultaneously shake a bridge in all horizontal directions (not just
transversely to the bridge axis), and makes this solution also appli-
cable to skew bridges (a large percentage of all bridges). BRBs were
chosen here to serve as the diaphragm’s Structural Fuses (SF), to
protect other structural elements, because of their high effective-
ness in dissipating hysteretic energy, leaving those protected ele-
ments with minimal damage or even intact. After the earthquake,
BRBs are designed to be relatively easily removed and replaced.
The repair of the bridge can be expedited in this sense, which fits
in the objectives of Accelerated Bridge Construction (ABC) from a
post-earthquake perspective. Note that other hysteretic energy
dissipation devices may equally work for this purpose.

BRBs have been implemented in many buildings all around the
world because of their stable hysteretic energy dissipation capabil-
ity and ease of design. Analytical and experimental research work
has proven the effectiveness of BRBs in reducing building frames’
seismically-induced inelastic deformations (see Wada et al. [11],
Aiken et al. [12], Clark et al. [13], Lopez et al. [14], among many
for building applications). The applications of BRBs in bridge is rel-
atively limited compared to those in buildings, but a few imple-
mentations can still be found (Usami et al. [15]; Kanaji et al.
[16]; Reno and Pohll [17]; Oya et al. [18]; Lanning et al., [19]). A
new bridge shown in Uang et al. [20] was designed with the trans-
verse ductile diaphragm using BRBs. More details and figures on
the bridge applications of BRBs mentioned above can be found in
Wei and Bruneau [21] and Uang et al. [20]. This past research
demonstrated that BRBs can develop stable hysteresis when sub-
jected to in-plane cyclic loading, provided the BRB’s end connec-
tions are designed to ensure that BRBs can reach the design axial
strength of their core plate without first developing instability
issues at their ends. The out-of-plane instability of the BRB has
been observed in several BRBF tests (Aiken et al. [22]; Roeder
et al. [23]; Tremblay et al.[24], Tsai et al.[25]). Tsai et al. [25]
reported the out-of-plane buckling of the gusset plate that con-
nected a BRB to a column when a full-scale 3-story 3-bay BRBF
reached 2% drift. Tsai and Hsiao [26] described the details of a gus-
set plate stiffened by adding edge stiffeners to improve the seismic
performance of the BRBF. Hikino et al. [27] performed shake table
tests on a single-story, single bay BRBF with BRBs in a chevron con-
figuration. Two types of BRBs with different embedment length of
the transition segment inside the steel casing were used in the test.
The BRB with a longer transition segment embedment length
exhibited better hysteretic behavior than the other.

Since the BRB application in bidirectional ductile diaphragms
proposed here will require even larger out-of-plane displacement
capacity than any BRB ever tested, the authors designed two types
of BRBs end connection details and investigated their behavior by
subjecting them to an extensive set of quasi-static experiments
consisting of a regime of combined relative end displacement his-
tories representative of the results predicted from the parametric
analytical studies presented in this paper. The BRBs with both
types of end connections were proven capable of resisting the dif-
ferent bidirectional displacement protocols considered. Informa-
tion of this comprehensive experimental work and corresponding
design and detailing recommendations will be presented in a
future paper.

In this paper, the bridge and configurations of the two proposed
types of bidirectional EDSs with BRBs are presented In Section 2. In
Sections 3 and 4, design procedures are proposed for both EDSs in
skew and non-skew bridges, and the corresponding properties of
these bridges with EDSs are presented. In Sections 5 and 6, the
ground motions are selected and scaled to perform the EDS-1
and EDS-2 bridges dynamic nonlinear time history analyses, and
results from those analyses are examined to determine the impact
of different parameters on the bridge’s global behavior, as well as
to understand the magnitude of local demands and the extent of
bidirectional displacements that the BRBs must be able to accom-
modate while delivering their ductile response. In Section 7, the
long-term service life of BRBs installed across expansion joints
and subjected to bridge thermal expansion histories are also
investigated.
2. Bidirectional EDSs and simplified bridge models

Two types of bidirectional EDSs, namely EDS-1 and EDS-2
(Fig. 1), are described as follows:

(1) EDS-1: two pairs of structural fuses installed at each end of a
span, in a configuration that coincides with the skew and
longitudinal directions;

(2) EDS-2: a single pair of structural fuses installed at each end
of a span, at angles that do not coincide with the bridge lon-
gitudinal and skew directions.

A straight simply-supported single-span steel slab-on-girder
bridge is considered as the prototype bridge in this study. The
height of the girder in this bridge is 7200, with center-to-center



Fig. 1. Proposed Schemes for Bridge Ductile End Diaphragms: (a) EDS-1; (b) EDS-2.
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space of 7200. The deck is assumed to be supported on bidirectional
sliding bearings or other bearings with negligible strength to hor-
izontal deformations at the abutment. The bridge length is
assumed to be 100 ft. The weight of the bridge (mg) is 2000 kips,
and m is the mass of the bridge. The bidirectional EDSs with BRBs
are implemented at both end of this prototype bridge. The corre-
sponding simplified bridge models consider a rigid bridge deck as
a floating span. The flexibility of the girder and slab is neglected, as
well as the stiffness contribution from the bearing web stiffeners.

The key dimensions of the bidirectional EDSs are the girder
skew spacing projection in the transverse direction, s, end dia-
phragm depth, d, which is approximately equal to the girder depth,
and the horizontal longitudinal distance between connections of
the longitudinal BRB at deck level and the abutment, a. The mate-
rial in the steel core of BRB is assumed bilinear with yield stress,
Fyb, and the Young’s modulus, E.

Fig. 2a shows the simplified skew bridge with EDS-1, having
equal skew angle, u, of 45 degrees at the two ends of the bridge
span. At the ends of the span, the thicker black lines in the enlarged
view represent the structural elements used to model the EDS at
both ends of the bridge, whereas the gray line are reference lines
for an equivalent non-skew bridge. The lines with symbols repre-
sent the BRBs in the longitudinal and skew direction, and they
can be visualized as the yellow structural members in Fig. 1. The
other black lines at the bridge ends represent the rigid member
used to complete the EDS (recall that girders are of a height ‘‘d”,
spaced at ‘‘s” from each other, and that the BRBs project over a dis-
tance ‘‘a” along the axis of the bridge). The bridge superstructure is
shown by a long thick black line in the x-direction connecting the
EDSs at the two ends in the global view of the bridge. The two sup-
ports at both ends of the bridge are at a skew angle from each
other, which result in an unsymmetrical distribution of BRBs in
3D. Fig. 2b shows the corresponding non-skew (straight) bridge
with EDS-1 at the two ends of the bridge span (enlarged view at
one end); the symbol and construct is similar, but easier to visual-
ize given the absence of skew. Figs. 3 and 5 are presented in similar
ways to show the EDSs in the skew and non-skew(straight)
bridges. The stiffness of the EDS-1 in Fig. 2b is KL and KT in the lon-
gitudinal and transverse directions, respectively. The yielding core
length ratio, c, is the length of the BRB restrained yielding steel core
over the length of the entire BRB. In EDS-1, cLb and cSb are for the
longitudinal and skew/transverse BRBs, respectively. The lengths
of the longitudinal, and the skew/transverse BRB are:

LLb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ d2

q
ð1Þ

LSb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðs=cosuÞ2 þ d2

q
ð2Þ

Similarly, Fig. 3a shows the simplified skew bridge with EDS-2,
having equal skew angle, u, of 60 degrees at the two ends of the
bridge span (enlarged view shown at one end). The stiffness of
EDS-2 is KL and KT in the longitudinal and transverse directions,
respectively. Fig. 3b shows the simplified non-skew bridge with
EDS-2 at two ends of the bridge span (enlarged view at one end).
The yielding core length ratio of the BRBs in the EDS-2 configura-
tions is cL and cS for the long and short BRBs, respectively. The
lengths of the longitudinal, and the short BRB are:



Fig. 2. EDS-1 bridge diaphragms with BRBs and enlarged view at the end: (a) skew 45� (b) skew 0�.

X. Wei, M. Bruneau / Engineering Structures 141 (2017) 634–650 637
LL ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaþ s� tanuÞ2 þ s2 þ d2

q
ð3Þ

LS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða� s� tanuÞ2 þ s2 þ d2

q
ð4Þ
3. Proposed design procedures of bidirectional EDSs

Celik and Bruneau [10] discussed the seismic resistance of
skewed steel bridges under bidirectional earthquake excitation
for both EDS schemes through numerical nonlinear pushover anal-
yses. To summarize:

� Lateral earthquake loads were applied at the deck level on the
bidirectional EDSs in both longitudinal and transverse
directions;
� The yielding sequence of BRBs was related to the ratios of
applied lateral loads, the skew bridge angle u, and the ratios
of EDS dimensions d/a and d/s, and;

� Assuming equal areas of all the BRBs; the yield displacement
and yield strength in both the longitudinal and transverse direc-
tion of the bidirectional EDS was expressed in terms of yield
strength and displacement of individual BRB.

� In that study, no yield length ratios of BRBs were considered.

Following up on that work, the purpose of the study reported
here was to investigate the bridge’s seismic demands of the bidi-
rectional EDSs by performing nonlinear time history analyses. For
non-skew bridges, seismic response in the longitudinal and trans-
verse direction is uncoupled. Per the response spectrum at the
bridge location, the applied ground motions can be scaled to match
the spectral seismic demand, which is related to the period of the
bridge in either of the longitudinal or transverse directions. Thus,



Fig. 3. EDS-2 bridge diaphragms with BRBs and enlarged view at the end: (a) skew 60� (b) skew 0�.
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the displacement demands of the bridge can be calculated sepa-
rately in the transverse or longitudinal directions. However, due
to the complex skew bridge behavior related to the coupling of
the BRBs’ response, the main vibration directions of the skew
bridge are not in the longitudinal and transverse directions. An
approach was therefore taken here to design the skew bridges to
have the same yield strength and yield displacement in the trans-
verse and longitudinal directions as their equivalent non-skew
bridge. The scaled ground motions used to analyze the non-skew
bridge with EDSs were also used and applied to the skew bridges,
and corresponding displacement demands in both the longitudinal
and transverse directions were obtained. The magnifications fac-
tors of skew bridges’ displacement demands from the non-skew
bridges were used in the prediction of the skew bridges’ displace-
ment demands in the design procedures of bidirectional EDSs.

For the simplified bridge models with both EDSs, the difference
in the translational vibration directions and corresponding periods
is also identified. The non-skew bridge vibrates translationally in
the global longitudinal and transverse directions, while the skew
bridges’ translational periods and vibration directions depend on
the bridge’s skew angle, as well as the relative strength and stiff-
ness between the longitudinal and skew BRBs (EDS-1 scheme) or
between the long and short BRBs (EDS-2 scheme).
3.1. EDS-1 scheme

The periods of the non-skew equivalent bridge are first assumed
as TL and TT in both the longitudinal and transverse direction,
respectively. The stiffness of EDS-1 non-skew equivalent bridge
in the longitudinal and transverse direction, KL and KT, are:

KL ¼ 2p
ffiffiffiffiffiffiffiffiffiffiffiffi
m=TL

p
ð5Þ

KT ¼ 2p
ffiffiffiffiffiffiffiffiffiffiffiffi
m=TT

p
ð6Þ

For the specified design acceleration response spectrum at the
bridge location, the spectral acceleration at a given period T is Sa.
Elastic force demand of the bridge, mSa, can be obtained. Knowing
the stiffness K calculated from the period T and the bridge mass m,
the maximum elastic displacement demand, du, is equal to mSa/K,
which was based on the assumption of ‘‘equal elastic and inelastic
displacements for a given period” commonly used in earthquake
resistant design (displacement magnification factors presented
later in this paper also reflect this assumption). The displacement
ductility demand is, l, and the yield displacement of EDS-1 non-
skew equivalent bridge is

dy ¼ mSa=Kl ð7Þ



Fig. 4. Displacement compatibility and force equilibrium illustrated for EDS-1 configurations: force applied in the longitudinal direction (a) displacement compatibility (b)
force equilibrium; force applied in the transverse direction (c) displacement compatibility (d) force equilibrium.
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The yield displacements of the EDS-1 non-skew bridge in either
the longitudinal or transverse direction, dyL and dyT , can be calcu-
lated from Eq. (7). The strength of EDS-1 non-skew equivalent
bridge in the longitudinal and transverse direction, PL and PT are:

PL ¼ KLdyL ð8Þ

PT ¼ KTdyT ð9Þ

For a skew bridge with EDS-1, when the longitudinal force is
applied to the bridge as shown in Fig. 4a and b, skew BRBs are
not subjected to any force. The bridge’s displacement occurs per-
pendicular to the skew direction. When longitudinal BRBs yield,
the bridge’s displacement in the global longitudinal direction is
dyL. Due to the skewness, the corresponding displacement in the
global transverse direction is

dT1 ¼ dyL � tanu ð10Þ

The yield length ratio of the longitudinal BRB can be obtained as

cLb ¼ dyL � ðE� aÞ=ða2 þ d2Þ=Fyb ð11Þ

Note that the yield length ratio is typically smaller than 1.0.
The yield displacement and strength of the bridge in the trans-

verse direction is dependent on the sequence of yielding of the
BRBs, since the force applied in the transverse direction would
put force in the BRBs in both the longitudinal and skew direction
as shown in Fig. 4c and d. In the case considered here, skew BRBs
were designed to yield first. When the skew BRB yield, the global
transverse displacement is dyT . The corresponding displacement
in the global longitudinal direction is

dL1 ¼ KTdyT � tanu=KL ð12Þ

Note that this longitudinal displacement should be smaller than
dyT . The yield length ratio of the skew BRB is calculated as:
cSb ¼ dyT � Es� ð1� KT � ðtanuÞ2=KLÞ
ððs= cosuÞ2 þ d2Þ � Fyb

ð13Þ

The total number of BRBs in the EDS-1 bridge is 4, which is the
same in the longitudinal and skew direction, respectively. The yield
strength of each longitudinal and skew BRB is

PLb ¼ PL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ d2

q
=ð4aÞ ð14Þ

PSb ¼ PT

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðs=cosuÞ2 þ d2

q
=ð4sÞ ð15Þ

The corresponding yielding core area of the longitudinal and
skew BRB would be PLb=Fyb and PSb=Fyb. The stiffness of the longitu-
dinal and skew BRB are:

KLb ¼ EPLb=ðcLbFybLLbÞ ð16Þ

KSb ¼ EPSb=ðcSbFybLSbÞ ð17Þ
Fig. 5a shows the EDS-1 configuration with BRBs at one end of

the bridge. The angle of the skew BRB with the horizontal plane
is b1. The angle of the longitudinal BRB’s projection in the horizon-
tal plane with the x-axis is b2. In Fig. 5b, the stiffness in the longi-
tudinal and skew direction, KL and KS, can be calculated as:

KL ¼ 2KLbcos2b1 ð18Þ

KS ¼ 2KSbcos2b1 ð19Þ
The ratio of stiffness KL and KS in the longitudinal and skew

directions of EDS-1 bridge is q. Fig. 5b shows the relative longitu-
dinal and skew directions in the EDS-1 configuration with the solid
black lines representing the longitudinal and skew direction,
respectively. The dashed line indicates the transverse direction in
the EDS-1 configuration. The first two main vibration directions
of EDS-1bridge are T1 and T2. The corresponding stiffness are K1

and K2, and the directions of vibration are illustrated in Fig. 5b in
dash-dot lines, which are perpendicular to each other. The angle



Fig. 5. Illustration in EDS configurations: (a) angles of BRBs in EDS-1; (b) vibration
directions in EDS-1; (c) angles of BRBs in EDS-2.
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c, between the longitudinal and the main vibration direction corre-
sponding to T1, is ðp=2�uÞ=ð1þ qÞ. The relationship between K1,
K2, KL and KS is given as follows:

K1 ¼ KL � cos2ðp=2�u
1þ q

Þ þ KS � cos2ððp=2�uÞq
1þ q

Þ ð20Þ

K2 ¼ KL � sin2ðp=2�u
1þ q

Þ þ KS � sin2ððp=2�uÞq
1þ q

Þ ð21Þ

The periods corresponding to K1 and K2 are
T1 ¼ 2p
ffiffiffiffiffiffiffiffiffiffiffiffi
m=K1

p
ð22Þ

T2 ¼ 2p
ffiffiffiffiffiffiffiffiffiffiffiffi
m=K2

p
ð23Þ
3.2. EDS-2 scheme

The design of the EDS-2 bridge starts from the global yield
strengths in the longitudinal and transverse direction, PL and PT,
which are the same as for EDS-1 non-skew equivalent bridge. Here,
the EDS at each end of the bridge has one long and one short BRB.
Note that the global yield strength in either the longitudinal or
transverse direction is obtained when there are only forces applied
on the bridge in that direction.

The assumption made for the design of long BRBs is that long
BRBs would yield first and short BRBs would remain elastic under
the longitudinal force applied to the bridge. Therefore, when the
force of PL is applied gradually in the longitudinal direction of
the bridge, the force demand on the long BRB will eventually reach
its yield strength. This force that would produce yielding of the
long BRB (i.e., for which BRBs would need to be designed) is related
to the longitudinal force by:

PLb ¼ PL � LL=ð4� aÞ ð24Þ
The corresponding force in the short BRB is

Pshort ¼ PL � LS=ð4� aÞ ð25Þ
By using the principle of virtual work, the global yield displace-

ment in the longitudinal direction is

dyL ¼ 2ðP2
LbcLLL=ðPLALÞ þ P2

shortcSLS=ðPLASÞÞ=E ð26Þ
Similarly, the short BRB would yield first and the long BRB

would remain elastic under the transverse force applied to the
bridge. When the force of PT is applied gradually in the transverse
direction of the bridge, the force demand on the short BRB will
eventually reach its yield strength. The force that would produce
yielding of the short BRB is related to the transverse force by:

PSb ¼ PT � LS � ðaþ s� tanuÞ=ð4� s� aÞ ð27Þ
The corresponding force in the long BRB is

PLong ¼ PT � LL � ða� s� tanuÞ=ð4� s� aÞ ð28Þ
The global yield displacement in the transverse direction is

dyT ¼ 2ðP2
longcLLL=ðPTALÞ þ P2

SbcSLS=ðPTASÞÞ=E ð29Þ

Note that PLong and Pshort are smaller than PLb and PSb.
With the yield displacements in the longitudinal and transverse

direction known from the non-skew EDS-1 equivalent bridge, the
yield length ratio of the long and short BRBs, cL and cS, can be
obtained from Equations (26) and (29). The yielding core area of
the long and short BRB would be PLb=Fyb and PSb=Fyb. The stiffness
of the long and short BRB are:

KLong ¼ EPLb=ðcLFybLLÞ ð30Þ

KShort ¼ EPSb=ðcSFybLSÞ ð31Þ

In the simplified skew bridge model with EDS-2, the layout of
long and short BRBs makes the response of the system coupled
in the longitudinal and transverse direction. The equations of
motion for free vibration of this kind of system are shown below,
where Kxy and Kyx are not zero:

m 0
0 m

� �
€ux

€uy

� �
þ Kxx Kxy

Kyx Kyy

� �
ux

uy

� �
¼ 0

0

� �
ð32Þ



Table 1
Properties of simplified skew and non-skew bridges with EDS-1.

Bridge properties Non-
skew

Skew
15

Skew
30

Skew angle (Degree) 0 15 30
First translational period T1 (s) 0.20 0.22 0.25
Second translational period T2 (s) 0.20 0.17 0.12
Stiffness in longitudinal direction (kip/in) 5126.5 5126.5 5126.5
Stiffness in skew direction (kip/in) 5126.5 5919.6 10253.1
Longitudinal BRB cross sectional area (in2) 9.00 9.00 9.00
Skew BRB cross sectional area (in2) 9.00 9.16 9.72
Global yielding displacement in both

longitudinal and transverse directions (in)
0.209 0.209 0.209

Global yielding strength in both longitudinal
and transverse directions (kips)

1069.1 1069.1 1069.1

Equivalent stiffness in both longitudinal and
transverse directions (kip/in)

5126.5 5126.5 5126.5

Yielding length ratio of Longitudinal BRB 1.00 1.00 1.00
Yielding length ratio of skew BRB 1.00 0.90 0.57
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Solving the eigenvalue problem for the dynamic equation in Eq.
(32) would lead to the evaluation of the following equation:

Det
Kxx �x2m Kxy

Kyx Kyy �x2m

" #
¼ 0 ð33Þ

where: x is the natural circular frequency of the system.
Eq. (33) gives the natural frequencies of the system:

x ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kxx þ Kyy �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðKxx þ KyyÞ2 þ 4ðK2

xy � KxxKyyÞ
q

2m

vuut
ð34Þ

Therefore, the corresponding first two periods of vibration for
translational modes are:

T1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8p2m

Kxx þ Kyy þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðKxx þ KyyÞ2 þ 4ðK2

xy � KxxKyyÞ
q

vuut ð35Þ

T2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8p2m

Kxx þ Kyy �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðKxx þ KyyÞ2 þ 4ðK2

xy � KxxKyyÞ
q

vuut ð36Þ

Similarly, in order to calculate the periods (T1, T2), the values in
the stiffness matrix (Kxx, Kyy, Kxy) need to be obtained first. Fig. 5c
shows the EDS-2 configuration with BRBs at one end of the bridge.
The angle of the long BRB with the horizontal plane is h1. The angle
of the long BRB’s projection in the horizontal plane with the x-axis
is h2. The angle of the short BRB with the horizontal plane is h3. The
angle of the short BRB’s projection in the horizontal plane with the
x-axis is h4. The stiffness of the long and short BRBs are KLong and
KShort, respectively. The stiffness Kxx, Kyy, Kxy in Eqs. (32) and (33)
can then be expressed as:

Kxx ¼ 2ðKLongcos2h1cos2h2 þ KShortcos2h3cos2h1cos2h4Þ ð37Þ

Kyy ¼ 2ðKLongcos2h1sin
2h2 þ KShortcos2h3cos2h1sin

2h4Þ ð38Þ

Kxy ¼ 2ðKLongcos2h1cosh2sinh2 � KShortcos2h3cosh4sinh4Þ ð39Þ
where KShort and KLong is the axial stiffness of the short and long BRB,
respectively.

4. Simplified bridge model properties summary and modeling

For ease of comparisons for the displacement demands
obtained from the nonlinear time history analyses, the EDS-1 skew
bridge were designed to have the same yield strength and yield
displacement in both longitudinal and transverse directions as
the EDS-1 non-skew bridge. The skew angles of the bridges, u,
was contemplated to be changed at a 15-degree interval from 0
to 75 degree. Only 15 and 30 degree skews were considered for
the EDS-1 skew bridges, since skew bridges with skew angles
beyond 45 degrees could not be designed to have the equal yield
strength and yield displacement as their equivalent EDS-1 non-
skew bridge. The EDS-1 non-skew bridge is the equivalent bridge
for the EDS-1 skew bridges of all skew angles. For the EDS-1
bridges shown in Fig. 2a and b, the three dimensions a, d, s are kept
the same. Dimensions and properties of the EDS-1 in skew and
non-skew bridges are tabulated in Table 1. Note that, in skew
bridges, the cross section areas of the BRBs installed in the longitu-
dinal and in the skew directions are not the same.

The skew and non-skew bridges with EDS-2 were designed to
have the same yield strength and displacement in both the
longitudinal and transverse direction as the bridges with EDS-1.
For the skew and non-skew bridges with EDS-2 shown in
Fig. 3a and b, the parameter s and d are the same, while the param-
eter a changes as the skew angle changes. The same a value cannot
be used to design the skew bridge with EDS-2 to have the same
yield strength and displacement as the EDS-2 equivalent non-
skew bridge. Dimensions and properties of the EDS-2 s in skew
and non-skew bridge are tabulated in Table 2. Note that in skew
bridges, the cross section areas of the long and short BRBs are
not the same. It is acknowledged that, for skew bridges with skew
angle beyond 60 degrees, the length of the BRBs may be too long to
be practical; such large skew angles for EDS-2 were only consid-
ered here to show that EDS-2 systems can be theoretically
designed to have equal yield displacement and yield strength in
the longitudinal and transverse directions at large skew angles.

Since the periods of the equivalent non-skew bridges in the
above cases all fall on the plateau of the average acceleration
response spectrum considered, the 30-degree skew bridges with
both EDS schemes were redesigned to have equivalent non-skew
bridge periods of 0.5 s, 1.0 s, and 1.5 s, by keeping the same mass
of the bridge and by changing the size of the BRBs. The properties
of EDS-1 skew bridges of 30 degrees and corresponding equivalent
non-skew bridges of 0.5 s, 1.0 s, and 1.5 s periods are shown in
Table 3. Case 1, Case 2, and Case 3 in Table 3 each include a
skew bridge and its equivalent non-skew bridge with periods
corresponding to 0.5 s, 1.0 and 1.5 s, respectively. Note that for
each case of bridges in Table 3, the stiffness of the skew bridge is
tabulated in the longitudinal and skew direction, and its stiffness
in the longitudinal and transverse directions are the same as those
for the non-skew equivalent bridge in the same directions.
Similarly, the properties of the EDS-2 skew bridges of 30 degrees
and corresponding equivalent non-skew bridges of 0.5 s, 1.0 s,
and 1.5 s periods are shown in Table 4.

The enlarged view of one end in the EDS-1 non-skew bridge
model in Fig. 5a is used to illustrate how the model is built in Open-
Sees, Version 2.4.6 [28]. The girder line represents the superstruc-
ture of the simplified bridge model. The beam and columns are
rigid members that connect the girder, BRBs, and the base. The
bridge mass is distributed along the whole length of the girder.
The girder and beam are defined by using the element command
rigidLink(beam) to make the members rigid and create a rigid dia-
phragm. The columns, which serve as the links between the base
and the top of the diaphragm, were modeled using the element
command rigidLink(bar). BRB members were built by using the ele-
ment command truss, and the material of BRBs was defined to be
bilinear. Note that the BRB’s actual hysteretic behavior exhibited
a more complex behavior, including strain hardening and
Bauschinger effect. A material modeling able to replicate the actual



Table 3
Properties of simplified skew 30 degree bridges and corresponding equivalent non-skew bridges with EDS-1.

Bridge properties Case 1–0.5 s Case 2–1.0 s Case 3–1.5 s

Skew Non-skew Skew Non-skew Skew Non-skew

First translational period T1 (s) 0.62 0.50 1.24 1.00 1.87 1.50
Second translational period T2 (s) 0.31 0.50 0.61 1.00 0.92 1.50
Stiffness in longitudinal direction (kip/in) 818.2 818.2 204.5 204.5 90.9 90.9
Stiffness in skew (Transverse for nonskew) direction (kip/in) 1636.4 818.2 409.1 204.5 181.8 90.9
Longitudinal BRB cross sectional area (in2) 1.44 1.44 0.36 0.36 0.16 0.16
Skew (Transverse for nonskew) BRB Cross Sectional Area (in2) 1.55 1.44 0.39 0.36 0.17 0.16
Global yielding displacement in both longitudinal and transverse directions (in) 0.209 0.209 0.209 0.209 0.209 0.209
Global yielding strength in both longitudinal and transverse directions (kips) 170.6 170.6 42.6 42.6 18.9 18.9
Yielding length ratio of Longitudinal BRB 1.00 1.00 1.00 1.00 1.00 1.00
Yielding length ratio of Skew BRB 0.57 1.00 0.57 1.00 0.57 1.00

Table 4
Properties of simplified skew 30 degree bridges and corresponding equivalent non-skew bridges with EDS-2.

Bridge properties Case 1–0.5 s Case 2–1.0 s Case 3–1.5 s

Skew Non-skew Skew Non-skew Skew Non-skew

First translational period T1 (s) 0.55 0.50 1.10 1.00 1.65 1.50
Second translational period T2 (s) 0.44 0.50 0.89 1.00 1.33 1.50
Stiffness in Longitudinal direction (kip/in) 818.2 818.2 204.5 204.5 90.9 90.9
Stiffness in transverse direction (kip/in) 818.2 818.2 204.5 204.5 90.9 90.9
Long BRB cross sectional area (in2) 2.10 1.76 0.52 0.44 0.23 0.19
Short BRB cross sectional area (in2) 2.35 1.76 0.59 0.44 0.26 0.19
Global yielding displacement in both longitudinal and transverse directions (in) 0.209 0.209 0.209 0.209 0.209 0.209
Global yielding strength in both longitudinal and transverse directions (kips) 170.6 170.6 42.6 42.6 18.9 18.9
Yielding length ratio of Long BRB 0.61 0.67 0.61 0.67 0.61 0.67
Yielding length ratio of Short BRB 1.00 0.67 1.00 0.67 1.00 0.67

Table 2
Properties of simplified non-skew and skew bridges with EDS-2.

Bridge properties Non-skew Skew 15 Skew 30 Skew 45 Skew 60

Skew angle (Degree) 0 15 30 45 60
a (in) 72 72 75 95 140
First translational period T1 (s) 0.200 0.213 0.221 0.212 0.206
Second translational period T2 (s) 0.200 0.186 0.180 0.186 0.193
Long-BRB cross sectional area (in2) 11.023 12.088 13.133 13.103 12.892
Short-BRB cross sectional area (in2) 11.023 12.850 14.723 16.220 17.208
Global yielding displacement in both longitudinal and transverse directions (in) 0.209 0.209 0.209 0.209 0.209
Global yielding strength in both longitudinal and transverse directions (kips) 1069.1 1069.1 1069.1 1069.1 1069.1
Yielding stress of material in BRBs’ core in both directions (ksi) 42 42 42 42 42
Yielding length ratio of Long BRB 0.67 0.63 0.61 0.59 0.47
Yielding length ratio of Short BRB 0.67 0.87 0.99 0.99 0.99
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BRB’s hysteretic behavior (i.e., model Steel02 in OpenSees) was
used in the bridge model to perform the nonlinear time history
analyses, the resulting displacement responses were compared
with the case using bilinear material. It was found that the dis-
placement demands obtained from using bilinear material were
larger and thus conservative to use.

The total bridge length remains the same for all benchmark sim-
plified bridge models, since the superstructure was assumed rigid
and the length of the bridge does not affect the dynamic behavior
of the bridges in this case. Modal and pushover analyses were per-
formed in OpenSees, and verifiedwith the equations that are used to
calculate yield strength, yield displacement, and periods of the EDSs
as presented in the Tables 1–4 by using the equations above.

5. Ground motions and scale factors for EDS-1 non-skew bridge

Nonlinear time history analyses of the skew and non-skew
bridges were conducted by inputting orthogonal components of
the ground motions records in the global longitudinal and
transverse direction of each bridge, to investigate their inelastic
displacement demands. The 44 ground motions specified in
FEMA-P695 [29] were used to perform the nonlinear time history
analyses. Note that although the ground motions recommended
by FEMA-P695 were developed for studies on building structures,
using the same set of 44 ground motions from FEMA P-695 was
adequate here as it provided a broad variability of ground motions,
in order to generate the displacement response of the bridge with
BRBs in the directional ductile end diaphragms.

For the non-skew bridge with EDS-1, the EDS behaviors in the
two orthogonal directions are uncoupled and the system can be
detailed to behave in the bilinear manner shown in Fig. 6a
(neglecting the lateral stiffness of the steel girders in this applica-
tion). The EDSs’ displacement limits in both directions can trans-
late into maximum global ductility demands, m, themselves
related to yielding displacement of the BRBs in the EDSs. The max-
imum ground motions scaling factor was calculated to correspond
to the target global displacement ductility. To ensure that those
ductility demands are not exceeded during nonlinear time history
analyses, relationships must be established between these ductility
values and the minimum yield strength of the system, Vy, itself
related to Velastic/R, where Velastic is the corresponding elastic force
demand. Different relationships between R, m, and the bridge’s



Fig. 6. (a) Illustration of displacement ductility and force reduction factor for
bilinear system; (b) The relationship between R and T for a certain ductility; (c) The
average acceleration response spectrum of 44 ground motions.
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modal period T can be found in Miranda and Bertero [30], such as
in Eqs. (40) and (41) (referenced by MCEER/ATC49 [31]). For a cer-
tain ductility m ranging from 2 to 6, the force reduction factor R var-
ies as a function of T as shown in Fig. 6b. The average spectral
acceleration of the scaled 44 ground motions, shown in Fig. 6c, at
the bridge modal period in each direction corresponds to the elas-
tic force demand Sa, and all the 44 ground motions use the same
scale factor of VyR/(mSa).

R ¼ l� 1
/

þ 1 P 1 ð40Þ
/ ¼ 1þ 1
12T � lT

� 2
5T

exp �2ðlnT � 1
5
Þ
2

" #
ð41Þ

As mentioned above, the EDS-1 non-skew bridge’s response in
the transverse and longitudinal direction is uncoupled, therefore,
the bilinear system behaviors in these two directions were used
to assess the relationship between R and l. The scaled ground
motions calculated above were applied to the EDS-1 equivalent
non-skew bridge to investigate whether the displacement demand
would exceed the assumed target displacement. The inelastic dis-
placement demands of the EDS-1 non-skew bridges with different
periods were compared with the assumed target displacements
(taken as equal to the yield displacement times the target ductility
m in this case); results of this comparison were used to define the
inelastic displacement magnification factor, Rd1. This factor is sim-
ilar to the displacement magnification for short period bridges pro-
vided by Equation. 4.3.3 in AASHTO [9]. Various non-skew
equivalent EDS-1 with translational periods ranging from 0.2 s to
1.5 s were analyzed. Target ductilities from 2 to 6 were used.
Table 5a shows the force reduction factor R corresponding to the
ductilities for each period from the non-skew equivalent bridges
with EDS-1s. For example, for the EDS-1 non-skew bridge having
the period of 0.3 s, the force reduction factor obtained from Eqs.
(40) and (41) is 3.15 for the target ductility of 4. Due to the page
limit, except for the non-skew bridge with EDS-1 of 0.2 s, 0.5 s,
1.0 s, and 1.5 s periods (Tables 1–4), the properties for the rest of
EDS-1 s in the non-skew bridge considered in Table 5a are not pre-
sented and can be found in Wei and Bruneau [21].

Table 5b presents the design yield displacement of the non-
skew equivalent bridge in the direction which corresponds to each
period presented in Table 5a. The resulting average of the maxi-
mum displacement demands were obtained from nonlinear time
history analyses using 44 ground motions and tabulated for all
the ductilities from 2 to 6. Fig. 7 shows by how much (in percent-
age) the average displacements of the EDS-1 non-skew bridge (for
all 44 groundmotions) exceeds the assumed displacements limit of
all ductility cases (from 2 to 6), as a function of the force reduction
factor used. As the ductility increases, the percentage of excee-
dance typically increases. The smaller the force reduction factor,
the smaller the percentage of exceedance of the resulting displace-
ments from the estimated displacements. For periods around 1.0 s,
the percentage of exceedance is generally larger than for the other
periods. In all cases, the percentage of exceedance is less than 40%
for the range of R between 1.5 and 7.5, which indicates that
AASHTO equations gives much larger and more conservative value
of Rd for short periods.
6. Displacement comparisons between skew and non-skew
bridges

For the skew bridges with EDS-1 schemes presented in Table 1,
their equivalent non-skew bridge with EDS-1 is the non-skew
bridge in the same table. The ground motions applied in the longi-
tudinal and transverse directions of the skew bridge were the same
as those used for its equivalent non-skew bridge with the same
scaling factors. The resulting average of the maximum displace-
ments of the bridges with EDS-1s from analyses using 44 ground
motions are shown in Table 5. The EDS-1 skew bridges’ displace-
ment demands were compared with those from the EDS-1 non-
skew bridge cases in Table 6. The resulting longitudinal displace-
ments of the skew bridges are generally larger than those for the
equivalent non-skew bridges. The difference between the trans-
verse displacements is smaller than that in longitudinal directions.
For greater skew angle, the difference in longitudinal displace-
ments is larger, with values up to 36% greater for the skew bridge.



Fig. 7. Percentage of exceedance of non-skew bridge displacements from displacement limits versus the force reduction factors for 44 ground motions at various periods.

Table 5b
Yield displacement and displacement demand from nonlinear time history analyses of non-skew equivalent bridges with EDS-1s (Unit: in)

Periods(s) Yield Displacement Ductility

2 3 4 5 6

0.20 0.209 0.391 0.662 0.983 1.336 1.637
0.21 0.231 0.418 0.674 1.004 1.369 1.735
0.26 0.304 0.479 0.778 1.22 1.668 2.099
0.28 0.209 0.347 0.595 0.876 1.155 1.419
0.30 0.223 0.361 0.606 0.88 1.184 1.477
0.35 0.469 0.768 1.175 1.701 2.259 2.808
0.45 0.391 0.646 1.02 1.456 1.819 2.2
0.50 0.209 0.335 0.526 0.734 0.992 1.21
0.53 0.843 1.521 2.359 3.47 4.502 5.363
0.66 0.717 1.299 2.054 3.034 4.003 4.786
1.00 0.209 0.441 0.782 1.147 1.422 1.681
1.07 1.613 3.435 6.173 8.637 10.82 13.23
1.32 2.436 4.926 7.838 10.62 13.12 15.97
1.50 0.209 0.385 0.589 0.77 1.009 1.249

Table 6
Displacement demands and comparisons of the EDS-1 skew bridge and their equivalent non-skew bridges of period 0.2 s

Ductility Non-skew Skew 15� Skew 30�

Longitudinal &Transverse Longitudinal Transverse Longitudinal Transverse

2 0.39100 0.41500 6.19% 0.39700 1.56% 0.53100 35.84% 0.41800 6.98%
3 0.66200 0.67700 2.27% 0.64600 �2.40% 0.85300 28.84% 0.66600 0.57%
4 0.98300 0.98200 �0.14% 0.91400 �7.04% 1.19900 21.95% 0.97300 �0.99%
5 1.33600 1.30000 �2.71% 1.25000 �6.44% 1.50900 12.94% 1.27600 �4.48%
6 1.63700 1.57100 �4.06% 1.55600 �4.97% 1.75700 7.32% 1.58300 �3.29%

Table 5a
Force reduction factor R for each period from the non-skew equivalent bridges with EDS-1s.

Ductility Period (s)

0.20 0.21 0.26 0.28 0.30 0.35 0.45 0.50 0.53 0.66 1.00 1.07 1.32 1.50

2 1.67 1.68 1.73 1.75 1.76 1.81 1.90 1.96 2.00 2.16 2.37 2.36 2.29 2.22
3 2.29 2.32 2.41 2.46 2.48 2.57 2.77 2.89 2.95 3.27 3.70 3.69 3.55 3.41
4 2.85 2.90 3.04 3.11 3.15 3.28 3.58 3.76 3.86 4.32 4.97 4.97 4.77 4.58
5 3.34 3.40 3.59 3.69 3.75 3.93 4.33 4.56 4.69 5.30 6.17 6.18 5.94 5.70
6 3.73 3.82 4.06 4.18 4.26 4.49 4.98 5.27 5.43 6.18 7.27 7.29 7.04 6.77
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The same comparisons were made to investigate the effect of
period change on the difference in the displacement response
between the skew and non-skew bridges with EDS-1 in Table 3.
All the resulting displacement demands are shown in Table 7a with
Case 1, Case 2, and Case 3 corresponding to the skew bridges men-
tioned in Table 3. The difference between the displacement
demands of the EDS-1 skew and non-skew bridge are tabulated
in Table 7b, which are smaller than those for the corresponding ref-
erence 30-degree skew bridge (i.e. with equivalent non-skew
bridge period of 0.2 s) in Table 6. Generally, the longitudinal dis-
placement results for skew bridges exceeded those from the non-
skew bridge, with smaller maximum exceedance percentage as
the period increased. The comparison of transverse displacements
exhibited no specific trends as the period changed. At the period of
1.0 s, the percentage of transverse displacement response for skew
bridge exceeded that of their corresponding equivalent non-skew
bridge, which was the largest of all the 30-degree skew cases
considered.

The non-skew bridges with EDS-2 in Table 2 had the same
translational period of 0.2 s in the longitudinal and transverse
directions as the non-skew bridges with EDS-1. Since the bridges
with EDS-2 in Table 2 were designed to have the same strength
and stiffness in the longitudinal and transverse directions as the
bridges in Table 1, the ground motions’ scale factors for bridges
with EDS-2 were the same as the bridges with EDS-1 for all ductil-
ity considered. Table 8a shows the slight difference in the resulted
average displacements between the non-skew bridges with EDS-2
and EDS-1.

The EDS-2 skew bridges were analyzed by applying in the same
directions the same scaled ground motions used in the analyses of
the non-skew bridges with EDS-2. The resulting displacement
demands of the EDS-2 bridges are shown in Table 8b, and the dis-
placements of the skew bridges are compared with those from the
non-skew bridge with EDS-2 in Table 8c. The resulting longitudinal
displacements of the EDS-2 skew bridges are generally less than
those from the equivalent EDS-2 non-skew bridges, except for
the 15 and 30-degree skew bridges. With increase of the skew
angle, the displacement differences reduced, which is different
than what was observed for the bridge cases with EDS-1. The
greatest difference in the resulting displacements is 27.3% in the
transverse direction for the 15-degree skew bridge from the non-
skew bridge.

Similarly to what was done for the bridges with EDS-1, the
displacement demands were obtained to investigate the effect of
period change on the difference in the displacement response
between the skew and non-skew bridges with EDS-2 as shown in
Table 9a. Case 1, Case 2, and Case 3 in Table 9a each correspond
to the bridges cases in Table 4. The same comparisons were made
between the EDS-2 skew and equivalent non-skew bridges in
Table 9b. It is found that the resulting EDS-2 skew bridges
displacements are all smaller than that of their corresponding
non-skew bridges.
Table 7a
Displacement demands of the skew bridge and their equivalent non-skew bridges with ED

Ductility Case 1

Non-skew Skew Non-skew

L&T L T L&T

2 0.335 0.347 0.342 0.441
3 0.526 0.512 0.545 0.782
4 0.734 0.701 0.752 1.147
5 0.992 0.897 0.964 1.422
6 1.210 1.083 1.140 1.681

Note: T = transverse; L = longitudinal.
In general, the displacement magnification factor for skew
bridge, to apply to the displacement response of the equivalent
non-skew bridges, Rd2, vary for the different EDS schemes as a
function of skew angles. The difference may be a consequence of
the difference in the true period of the skew and non-skew bridges,
which would cause the variability in the inelastic displacements.
Results of the above parametric studies indicate that, for skew
bridges with skew angles smaller than 15 degrees, Rd2 could be
taken as 1.1 and 1.3 for EDS-1 and EDS-2, respectively. For skew
bridges with skew angles larger than 30 degrees, Rd2 could be taken
as 1.4 and 1.15 for EDS-1 and EDS-2, respectively. For skew angle
beyond 45 degrees, only the EDS-2 scheme is possible to achieve
such that the yield strength and yield displacement of the skew
and non-skew bridge are the same. Note that beyond 60-degree
skew, the EDS-2 scheme would require BRB lengths that may not
be practical.

Note that, for a bridge with designed EDS, it is possible and rec-
ommended here to design BRBs such that the EDS’s fundamental
period, Teff, is the same in both the longitudinal and transverse
direction. For a skew bridge, that would be the value for an equiv-
alent non-skew EDS. For the bridge with skewness, the skew EDS
would be designed to have the same yield strength and displace-
ment as its equivalent non-skew EDS. In such a case the elastic
force demand of the bridge is mSa, for the specified design acceler-
ation response spectrum at the bridge location. The yield strength
of the non-skew EDS, Vy, is mSa/R, and the stiffness, Keff, is 4p2m/Teff
2, and the yield displacement of the EDS, dy,is Vy/Keff. The desired
displacement ductility of the non-skew bridge EDS, l, could be
taken as the maximum value of 6 provided per Equation 4.3.3 in
AASHTO [9]. Based on the above findings, the resulting inelastic
displacement demand of the non-skew EDS would then be the
elastic spectral displacement, dyl, times the inelastic displacement
magnification factor, Rd1, which is defined as 1.4 (per results pre-
sented in Fig. 7). The displacement demand of the skew EDS, du,
would then be calculated as dylRd1Rd2, where Rd2 is a displacement
magnification factor relating the expected maximum displacement
response of the skew bridge to that of its equivalent non-skew
bridge, as summarized above.

7. Thermal effect on low-cycle fatigue of BRBs

Thermal movements (elongation and shortening) of the bridge
superstructure resulting from temperature changes would impose
displacement demands on the longitudinal BRBs connecting the
superstructure to the abutments across expansion joints as shown
in Fig. 8. The concern was whether the longitudinal BRBs can
accommodate thermal expansion movements without the need
for special detailing (i.e., in series with lock-up devices that allow
thermal expansion under normal conditions, but engage the BRBs
during the earthquakes). This issue was investigated by calculating
the low-cycle fatigue life of longitudinal BRBs due to thermalmove-
ments of the bridge superstructure resulting from temperature
S-1of increased periods (Unit: in).

Case 2 Case 3

Skew Non-skew Skew

L T L&T L T

0.453 0.523 0.385 0.359 0.403
0.751 0.893 0.589 0.560 0.615
1.044 1.262 0.770 0.731 0.810
1.328 1.567 1.009 0.931 1.032
1.625 1.789 1.249 1.109 1.245



Table 9a
Displacement demands of the skew bridge and their equivalent non-skew bridges with EDS-2 of increased periods (Unit: in).

Ductility Case 1 Case 2 Case 3

Non-skew Skew Non-skew Skew Non-skew Skew

L&T L T L&T L T L&T L T

2 0.359 0.333 0.334 0.496 0.481 0.487 0.426 0.421 0.387
3 0.544 0.517 0.516 0.872 0.832 0.823 0.634 0.651 0.610
4 0.805 0.762 0.727 1.186 1.176 1.165 0.851 0.862 0.833
5 1.056 0.994 0.940 1.519 1.469 1.436 1.102 1.068 1.033
6 1.305 1.218 1.150 1.847 1.753 1.665 1.343 1.273 1.232

Note: T = transverse; L = longitudinal.

Table 7b
Displacement comparison between the EDS-1 skew bridge and their equivalent non-skew bridges for increased periods

Ductility Case 1: Skew 30� Case 2: Skew 30� Case 3: Skew 30�

Longitudinal Transverse Longitudinal Transverse Longitudinal Transverse

2 3.71% 2.19% 2.61% 18.55% �6.84% 4.73%
3 �2.57% 3.57% �3.98% 14.24% �4.88% 4.45%
4 �4.45% 2.48% �8.94% 10.00% �5.05% 5.15%
5 �9.55% �2.85% �6.60% 10.22% �7.69% 2.23%
6 �10.52% �5.79% �3.34% 6.40% �11.24% �0.29%

Table 8b
Displacement demands of the skew bridge with EDS-2 corresponding to equivalent non-skew bridges of period 0.2 s (Unit: in).

Ductility Skew 15� Skew 30� Skew 45� Skew 60� Skew 75�

Longi. Trans. Longi. Trans. Longi. Trans. Longi. Trans. Longi. Trans.

2 0.474 0.455 0.430 0.445 0.382 0.398 0.362 0.385 0.368 0.385
3 0.830 0.850 0.761 0.768 0.668 0.697 0.640 0.651 0.624 0.633
4 1.183 1.292 1.102 1.170 0.978 1.054 0.978 0.973 0.943 0.906
5 1.562 1.685 1.399 1.549 1.298 1.432 1.317 1.358 1.268 1.229
6 1.948 2.073 1.674 1.883 1.599 1.729 1.605 1.685 1.531 1.543

Table 8c
Displacement comparison between the skew bridge with EDS-2 and their equivalent non-skew bridges of period 0.2 s.

Ductility Skew 15� Skew 30� Skew 45� Skew 60� Skew 75�

Longi. Trans. Longi. Trans. Longi. Trans. Longi. Trans. Longi. Trans.

2 23.15% 18.24% 11.82% 15.68% �0.66% 3.48% �6.07% 0.05% �4.31% 0.14%
3 18.73% 21.64% 8.91% 9.87% �4.44% �0.30% �8.41% �6.90% �10.69% �9.43%
4 12.77% 23.14% 4.97% 11.51% �6.79% 0.44% �6.76% �7.30% �10.18% �13.65%
5 14.19% 23.12% 2.29% 13.20% �5.12% 4.64% �3.74% �0.75% �7.31% �10.17%
6 19.63% 27.30% 2.79% 15.65% �1.80% 6.18% -1.45% 3.46% �5.96% �5.25%

Table 9b
Displacement comparison between the EDS-2 skew bridge and their equivalent non-skew bridges for increased periods

Ductility Case 1: Skew 30� Case 2: Skew 30� Case 3: Skew 30�

Longitudinal Transverse Longitudinal Transverse Longitudinal Transverse

2 �7.30% �6.90% �3.12% �1.94% �1.11% �9.12%
3 �5.00% �5.15% �4.54% �5.60% 2.54% �3.83%
4 �5.41% �9.72% �0.84% �1.72% 1.36% �2.13%
5 �5.83% �10.91% �3.26% �5.43% �3.11% �6.30%
6 �6.62% �11.78% �5.07% �9.83% �5.16% �8.20%

Table 8a
Displacement comparison between the non-skew bridges with EDS-1 and EDS-2 of period 0.2 s

Ductility
Demand l

Displacement Limit
(in)

Displacement demand of EDS-1 nonskew
bridge (in)

Displacement demand of EDS-2 nonskew
bridge (in)

Difference [(EDS-2/EDS-
1)-1]

2 0.417 0.391 0.385 �1.53%
3 0.626 0.662 0.699 5.59%
4 0.834 0.983 1.049 6.71%
5 1.043 1.336 1.368 2.40%
6 1.251 1.637 1.628 �0.55%
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Fig. 8. Simplified bridge model with BRB connecting the bridge abutment and girder.
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changes. The requiredminimum length of the BRB located across an
expansion joint can then be selected such that the BRB’s low cycle
fatigue life exceeds the bridge design life of 75 years specified by
AASHTO [9]. Longitudinal BRBs shorter than this length would need
to be designed in series with lock-up devices that allow thermal
expansion; alternatively, the BRBs could be scheduled to be
replaced before they reach their expected fatigue life.

To consider the variability in temperature yearly fluctuations
across North America, 9 cities in seismic regions were arbitrarily
chosen to investigate a wide range of temperature variations
within a year. They are Anchorage, Alaska; Boston, Massachusetts;
Charleston, South Carolina; Los Angeles, California; Memphis, Ten-
nessee; Portland, Oregon; San Francisco, California; Seattle, Wash-
ington, and; Quebec City, Canada. For each of those cities, daily
temperature data were collected from Accuweather [32] as shown
in Fig. 9. Recorded maximum and minimum temperatures within a
day were transformed into strain histories for BRBs. Calculation of
strain histories require specifying a reference temperature Tr,
defined as the temperature when the BRB was first installed. Anal-
yses were conducted considering a number of reference tempera-
tures, ranging between the maximum and minimum temperature
at each bridge location, at intervals of 10 �F. Note that the strains
caused by the temperature-induced displacement history can be
considered to concentrate over the length of the yielding core
plate, as the rest of the BRB has much larger cross section area.
Therefore, the ratios of BRB yielding core plate length over total
bridge length is what was actually considered in calculating BRB
thermal strain and fatigue life, which were taken as 0.5% to 3% at
intervals of 0.5% for each location. Fig. 10 shows the resulted strain
and stress-strain hysteresis for a BRB installed in a bridge in Mem-
phis, Tennessee at different reference temperatures of 30 and
100 �F, when the BRB’s core plate length ratio is assumed to be
0.5% of the total bridge length.

The software program Fatiga Version 1.03 [33] was chosen to
calculate low cycle fatigue life using the strain history and the fati-
gue properties of the BRB core plate material (ASTM A36 steel). The
resulting strain histories were characterized as variable amplitude
strain loading (because the amplitude of the strain ranges changed
in each cycle instead of being of constant amplitude). Strain cycles
were obtained using the Rainflow Counting method and the dam-
age (i.e., the percentage of the total fatigue life) caused by cycles at
each stress-range amplitude were accumulated using Miner’s rule.
The Smith-Watson and Topper [34] method was used to calculate
fatigue life, considering the tensile mean stress effect. The damage
done by all cycles in the temperature-induced strain history (i.e.,
for one year) can be obtained. Since the BRB fails when the cumu-
lative damage reaches 1.0, therefore, the fatigue life is the recipro-
cal of the damage caused by the strain history for one year (i.e., a
single application of the temperature-induced strain history). In
other words, the fatigue life is the number of times that this strain
history can be applied to the BRB before it fails.

In places where the yearly fluctuations of temperature were
more severe (the most severe case being Memphis for the cities
considered), the calculated fatigue life of the BRB was less
compared to places where the yearly temperature variations were
smaller. In general, a minimum BRB’s yielding core plate length
ratio of 3% proved to be sufficient to avoid low-cycle fatigue of
the BRB due to 75 years of thermal changes on the bridge
superstructure for all locations, for all the install temperatures
and cities considered.

Note that, in this low-cycle fatigue study, the longitudinal BRB
was considered to be installed horizontally aligned with the bridge
longitudinal axis. However, in both the EDS-1 and EDS-2 schemes,
BRBs are installed at an angle with the bridge longitudinal axis,
both vertically and horizontal. Considering this geometry effect
would result in smaller minimum length demands for the BRBs
to satisfy their low-cycle fatigue performance requirement, as a
result, the recommended minimum yielding core plate length ratio
of BRB of 3% is conservative and was kept for simplicity.

However, the above estimated fatigue life of BRBs obtained
from Fatiga is solely based on the axial strain loading applied to
the core steel (for ASTM A36 steel material). Note that the core
plate of a BRB typically develops local buckling under the applied
low cycle fatigue strain loading (albeit of constrained amplitude).
This local buckling produces additional flexural plastic deforma-
tions that add up to the pure axial strains, which was used to cal-
culate the fatigue life. Therefore, a calibration factor was deemed
necessary to account for the fact that the local buckling of BRBs
may reduce the estimated low-cycle fatigue life results obtained
based on metal properties.

Since little data is available for the low-cycle fatigue of BRBs
under variable amplitude loading, prior to the tests conducted for
this project, a tentative calibration factor was selected based on the
constant amplitude loading experiments by Usami et al. [35],
Wang et al. [36], Akira et al. [37] and Maeda et. al. [38]. The strain
history applied to the BRBs up to failure in those tests was input to
Fatiga to get the estimated fatigue life of each tested BRB. The dam-
age calculated by Fatiga for each of these tests to failure is essen-
tially equal to the calibration factor. Based on those results, the
calibration factor was found to vary with the strain magnitude,
ranging from 0.05 to 0.53. Note that this calibration factor is also
expected to depend on how the BRB is fabricated, as this would
have an impact on the amplitude of the local buckles in the BRB
core. Therefore, the minimum BRB’s yielding core plate length ratio
that is sufficient to avoid low-cycle fatigue of the BRB for 75 years
of thermal changes on the bridge superstructure could be larger
than 3%. Note that this value is subject to change if implemented
at locations with more critical thermal variations than considered
in the study.

8. Conclusions

Design equations for two types of bidirectional ductile dia-
phragms used as EDSs were proposed for both skew and non-
skew bridges. The approach was taken to design the skew bridges
to have the same yield strength and yield displacement in the
transverse and longitudinal directions as their equivalent non-
skew bridges. Parametric nonlinear time history analyses were
performed on the skew and non-skew bridge with both EDSs con-
figurations to examine their seismic performance. And the resulted
inelastic displacement demands of non-skew and skew bridges
with both types of EDSs were compared with the elastic spectral
displacements of non-skew EDS-1 bridge in both the longitudinal
and transverse directions, to obtain the magnification factors Rd1

and Rd2. It was found that the displacement demands of EDSs for
a given bridge, dylRd1Rd2, can be predicted and used to obtain the



Fig. 9. Recorded temperature at selected locations: a) Anchorage, Alaska; b) Boston, Massachusetts; c) Charleston, South Carolina; d) Los Angeles, California; e) Memphis,
Tennessee; f) Portland, Oregon; g) Quebec City, Canada; h) San Francisco, California; i) Seattle, Washington.
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Fig. 10. Strain history and corresponding stress-strain hysteresis of BRBs in a bridge located in Memphis, TN (BRB core plate length/bridge length = 1%): (a) strain history at
Tr = 30 �F; (b) stress-strain hysteresis at Tr = 30 �F; (c) strain history at Tr = 100 �F; (b)stress-strain hysteresis at Tr = 100 �F.
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required relative end displacement of the BRB. To avoid the low-
cycle fatigue problem BRBs installed across expansion joints and
subjected to bridge thermal expansion histories, a minimum ratio
of 3% for the BRB’s yielding core length’s ratio over the whole
bridge length was recommended. From these analytical results,
both the seismic end-displacement demands and the length ratio
limit of the BRB can be used to design the BRBs to ensure the
desired ductile bidirectional performance of the EDSs.
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